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A method of calculat ing the ene rgy  f lux-dens i ty  distr ibution in the image spot for  a h e m i s p h e r i -  
cal d i f fuse- re f lec t ion  device is  p roposed .  The case  of a diffusely emit t ing spot is  specia l ly  
cons idered .  

In view of the extensive use  of Lnfrared technology in industry the need has  a r i s en  for  a c lear  know- 
ledge of var ious  t he rm a l - r ad i a t i on  c h a r a c t e r i s t i c s  of the m a t e r i a l s  employed .  Special  diff icult ies  a r i s e  
when m e a s u r i n g  the spec t ra l  hemisphe r i ca l  t r ansmi s s ion  and re f lec t ion  coeff icients  on m a t e r i a l s  Tk and 
Rk. For  m e a s u r i n g  direct ional  hemispher i ca l  ref lec t ion and t r a n s m i s s i o n  coeff icients ,  an a t tachment  with 
a ref lec t ing  hemisphe re  is often employed [1--4]. 

The use  of such an a t tachment  fai ls  to provide absolute ly  accura te  values  of the coeff icients  R~ and 
T x.  The main  causes  of e r r o r  a re  as  follows: 1) l o s se s  of radia t ion re f l ec ted  f rom the sample  through 
the ent rance  ape r tu re  in the hemisphere ;  2) the screening  act ion of the r a d i a t i o n - r e c e i v e r  mounting; 3) 
a b e r r a t i o n s  of the optical  sys t em,  as  a r e su l t  of which the image of the emi t t ing  spot may  exceed the d imen-  
sions of the rece iv ing  a r e a  on the r e c e i v e r .  

The l o s se s  of re f lec ted  radLatton through the a p e r ~ r e  in the hemisphe re  were  cons idered  in [3] for  
the case  of diffuse ref lec t ion  f r o m  the sample .  In the same  paper  considera t ion  was given to es t imat ing  
the e r r o r  due to optical  abe r r a t i ons ,  and it was concluded that the abe r r a t i ons  were  min imized  for  the con-  
dition s _< 0 . 1 R .  
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Fig.  1. Course  of the r a y s  in the s y s t e m .  
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Fig .  2. Posi t ion and shape 
of the radia t ion spot in the 
Car t e s i an  coordinate  s y s t e m  
XOY. 

On the b a s i s  of this invest igat ion by i tself ,  the r e q u i r e m e n t s  to be imposed upon the radia t ion r e c e i v e r  
cannot be fo rmula ted  exac t ly .  In the p resen t  investigation we the re fo re  se t  ou r se lves  the p rob lem of d e t e r -  
mining the ene rgy  flux densi ty  in the image spot, so as to make a c o r r e c t  choice of the d imensions  of the 
r ece iv ing  a r e a  in the r e c e i v e r ,  as  well as  its posit ion,  and a lso  to calculate  the m e a s u r i n g  e r r o r s  a r i s ing  
f r o m  optical a b e r r a t i o n s .  However ,  the ene rgy  f lux-dens i ty  dis t r ibut ion depends not only on the geomet ry ,  
but a l so  on the ref lec t ion indicatr ix ,  of the sample .  In the p r e sen t  instance we the re fo re  cons idered  the 
case  of absolu te ly  diffuse re f lec t ion .  

F o r m u l a t i o n  o f  t h e  P r o b l e m  

Let  us  consider  a concave re f lec t ing  hemisphe re  of rad ius  R set  on the coordinate  plane XOY with the 
origin of coordina tes  a t  the center  of the hemisphe re  (Fig. 1). 

On the XOY plane under  the hemisphe re  is a cer ta in  emit t ing spot II~ with a rad ian t  ene rgy  densi ty 
E1 (xl, YD. The set  of all the r a y s  a r i s i n g  f r o m  Hi is re f lec ted  in the h e m i s p h e r i c a l  m i r r o r  and c r e a t e s  
an image spot I] 2 on the XOY plane .  

We made the following assumpt ions :  1) The ref lec t ion  coefficient  of the re f lec t ing  hemisphe re  is 
equal to unity; 2) I]2 emi ts  diffusely a t  e v e r y  point; 3) the absorpt ion in the spot I-[ 2 iS total; 4) the emi t t ing  
spot 112 is a r r anged  in such a way that for  all  i ts points,  the condition x 1 < 0 is sa t i s f i ed .  

An additional r e q u i r e m e n t  imposed upon the position of the spot 111 l ies  in the fact  that e v e r y  r a y  
emerg ing  f r o m  H1 is r e f l ec ted  once and only once in the hemispher i ca l  m i r r o r  before  t r ave l ing  to the image 
spot II 2 . 

We note that the image of the point Al(xl, y~) is b lu r red  so as  to fo rm a sect ion of s t ra ight  line, which 
p a s s e s  through the points A s (xl, y~) and O, while the radia t ion a r r iv ing  at the point A2(x2, Y2) a r i s e s  solely 
f rom those points which lie on the continuation of the s t ra igh t  Iine OA 2 (x2, Y2) inside the spot 111- 

C o u r s e  of  t h e  R a y s  in  t h e  S y s t e m  

Let  us  consider  that a r ay  leaves  a point A 1 (x 1, y~) of the emit t ing spot in a cer ta in  d i rec t ion .  Then 
the point A2(x2, Y2) iS that point of the spot II 2 s t ruck  by this r a y  af ter  being re f lec ted  at the point A 0 on the 
concave hemi sphe r i ca l  m i r r o r .  The points A 1 {xl, Yl) and A2(x2, Y2) lie on a single d i a m e t e r  and on different  
s ides of the center  of the hemisphe re .  I t  follows f rom assumption,  3) that  for  all points of the spot II2,x2> 0~ 

Let  us  introduce a new coordinate  axis  p pas s ing  through the points O, Al(xl, Yl), and A2(x2, y2). Let  
the values  of p inc rease  f rom point Al(xl, Yl) to A2(x2, Y2). The point O is taken as  or igin of coord ina tes .  
Thus, f o r a l l  points belonging to l-[2 we have the condition Pl < 0, while for  the points in the image spot p2>0. 
Since the h e m i s p h e r e  is s y m m e t r i c a l  with r e s p e c t  to the p axis ,  we confine our at tention to the plane case 
in our subsequent  solution of the geomet r i ca l  p rob l em.  

It  follows f rom Fig.  1 that 

A~A1 = V ~  ~ -  p~ + (0, - -  p0~, (1) 

A~A~ . =  1,/'R s -  p~ , -5  ( P s -  Po) 2. (2) 

The re la t ionship  between the coordinates  of a point in the Car te s i an  coordinate  sy s t em XOY and in the 
coordinate  sy s t em  (pa) is descr ibed  by the exp re s s ions  
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Fig. 3. Energy  f lux-densi ty  distr ibution in the image spot for  
a rec tangular  emit t ing spot: a) a / R  = ~-0.0364; b /R = --0.0546; 
f /R =~0.0454;  C/R =0.0454; b) a /R  =--0 .1 ;  b/R =~0 .1182;  f /  
R =~0.0454;  C/R =0.1091 [the f igures on the curves  give the 
values of 100 (Yz/R)]. 

I. 
Since the angle of incidence i s equa l  to the angle of ref lec t ion,  it follows f rom the t r iangle AiA~A 2 

AoA, 

Using Eqs .  (1), 
A 1, and A2: 

(2), and (3) we obtain a re la t ionship between the coordinates  of the three  points A 0, 

R' (Pl + P~) 
2plp, (4) 

On varying the coordinate P0 f rom +R to --R, the coordinate P2 inc reases  monotonical ly and at  a 
cer ta in  moment  r eaches  the value ,o2 =R, which is equivalent to the appearance of a double re f lec t ion .  
F r o m  this we obtain the n e c e s s a r y  (and sufficient) condition that the ref lec t ion f rom the hemisphere  should 
be single for  the points in the spot IIl 

R 
px >~ - -~-- (5) 

Let  a r ay  having a direct ion defined by the angles <p and ~ (Fig. 1) leave the point A 1 (x 1 , Yi) of the 
emitt ing spot. U sing Fig.  1 we then have 

sin �9 -- AoM VR ~ -  P~ 
�9 �9 

Ao& VR'-- g + (o~ - po)' 
(6) 

F rom tr iangles  A1AoB, AoM'B and AoA1M we have 

cos W = sin @ cos ~. (7) 

E n e r g y  D e n s i t y  in  t h e  I m a g e  S p o t  

Let  us consider the emitting spot l-It. Let  an e lementa ry  energy flux dq be emit ted f rom a cer ta in  
e lementa ry  area dF t of the diffusely emitt ing spot IIt with an emit ted en e rg y  density E 1 @1, ~) in a d i r e c :  
tion making an angle ~o with the normal  to the XOY plane in an e lementa ry  Solid angle d,~ [5]: 
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dq = 1 E1 (Pl, a) Cos epdf ldo. 
n (8) 

dF  2 . 

C l e a r l y ,  the whole e n e r g y  flux is focused  by the h e m i s p h e r e  on an e l e m e n t a r y  a rea  of the image spot  
In the (on) coord ina te  s y s t e m  the e l e m e n t a r y  a r e a s  m a y  be e x p r e s s e d  in the f o r m  

dF a = PldOlda, dF 3 = pflpfla. 

The e n e r g y  dens i ty  in the spot 17 2 m a y  then be ~Titten in the f o r m  

dE,,. (P3, e) = 1 Ex (Pl, (z) cos qD sin q) pldpl 
9o.dp3 

dSaq). (9) 

Using  E q s .  (6) and (4) we obtain 

R ~" - -  PoP1 dPo, (I O) dO) . . . .  z 
KR 3 -  p~ (J? - -  2oo01 + p~) 

dp~ = 
2doo 

2po I ) 2 R ~ 
R 3 01 (11) 

It  fol lows f r o m  E q s .  (7), (9), (10), and (11) that  

El(p1 , a) l, r~:~-~ Po ( R3 - -  POP1) (2POP1 - -  R~') z 
dE3 (P2, a ) =  2r~ (R 3 - -  29oPl + Pl) -~ 2 91P@~ cos ~d~dPl. (12) 

E x p r e s s i n g  o0 in t e r m s  Pt and ,02 and substituting into E q .  (12) ,we have 

El (a, ~) R~ (P.~ -- Pl) K4~ O~ -- R3 (Pl + 0~) ~ 
dE~ (P3, a) ---- 8a (R 3 - -  pip3) 3 p~ p23 cos , d , d p v  (13) 

In t eg ra t ing  with r e s p e c t  to $ f r o m  --rr/2 to +rr/2 and with r e s p e c t  to ol f r o m  3/(02, ~) to/3 (o2, a) ,  we 
obtain a final e x p r e s s i o n  for  E2(o 2, a) 

!6(ps,o:) 
I j' a) R5 (1% - -  pOV 4p ,2 P22 - -  R2 (Pt n-' Pz) ~ alp1. (14) 

Eo (03, a ) =  ~ E,(p,, ( R 2  ~ 2 3 " PIP2) P, P2 
? ( p , , a )  

Equat ion  (14) gtay be r educed  to d i m e n s i o n l e s s  f o r m  

P(";'~) (p:,_ p;), 4(6Y (o~Y- - (p; + p;)~ 
Eo(p~, a) = 1 i* E~(@c 0 - (1 - -  ' '~ - dp~ - - -  el  p,) (p~)~ (p;Y ' 4 ~  ~ - - ( 1 5 )  

"~(p2,=) 

where  p '  = p / R .  

We see f r o m  E q s .  (14) and (15) that  the e n e r g y  f lux -dens i ty  d i s t r ibu t ion  at the point  A2(x2, Y2) of the 
image  spot is ca lcula ted  by s u m m i n g  the e n e r g y  cont r ibu t ions  in t roduced by emi t t ing  points  lying on the 
cont inuat ion of the s t r a igh t  line joining point  A2(x2, Y2) to the cen te r  of the h e m i s p h e r e ,  i . e . ,  the 0 ax i s .  

The l imi t s  of in tegra t ion  3~(02, a)  and fl(o2, a) a r e  de te rmined  by the g e o m e t r i c a l  d i m e n s i o n s  of the 
emi t t ing  spot  and by the condi t ions  a r i s i n g  f r o m  E q s .  (4) and (5). It  m a y  r e a d i l y  be shown that  on the bas i s  
of condit ion (5), the  range  of va r i a t ion  of P2 is  divided into two p a r t s .  Fo r  0 < o2 _<R/5 the r ange  of var ia t ion  
of Pt is given by the e x p r e s s i o n  

2 

R 

while for  R /5  < P2 < R it a p p e a r s  as  fol lows 

I I 

P3 R P2 

R I J 

3 "~ Pl ~< 2 1 

R p~ 

(16) 

(17) 
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In order to find 7 (o 2, a) and ~(o 2, a) for the point A2(x 2, y2),we must simultaneously consider both the 
geometrical ranges of variation of ~l (coordinates of the points at which the p axis intersects the boundary 
of the emitting spot) and also Eqs.  (16) and (17). 

The foregoing method of calculation was realized Ln the form of a program for the Mtnsk-22 computer.  
The energy flux density was calculated in the image spot II 2 for a rectangular emitting spot II 1 and a number 
of values of C/R and El(el, c~) =1 (Figs. 2 and 3). 

Thus, for  the case of diffuse reflection we may use the foregoing method of calculatLng the energy flux 
density in the image spot to determine the measuring e r r o r  due to optical aberrations very accurately and 
subsequently to reduce it to a minLmum. 

N O T A T I O N  

R, radius of reflecting hemisphere; a,  angle between the positive directions of the p and OX coor-  
dinate axes; fi, normal to the XOY plane; ~ ,  angle between 6 and the direction in which the ray leaves the 
emitting spot; ~, angle between the positive direction of the coordinate axis 0 and the direction in which 
the ray leaves the emitting spot; $, angle between ~ snd a perpendLcuIar dropped from point A 0 to the 
axes; C, distance between the center of the hemisphere and the geometrical center of the rectangular emit-  
ting spot; a, b, and f, coordinates of the rectangular emitting spot. Indices 0, 1, 2, re fer  to the surface 
of the hemisphere, the emitting spot, and the image spot, respectively.  
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